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' Abstract. It is well known that an operator-valued function 8 from the Schur class 

, S(9Jl, or), where 3Jl and 01 are separable Hilbert spaces, can be realized as the transfer 

' function of a simple conservative discrete time-invariant linear system. The known real- 

&p, izations involve the function 8 itself, the Hardy spaces or the reproducing kernel Hilbert 

spaces. On the other hand, as in the classical scalar case, the Schur class operator-valued 
function is uniquely determined by its so called " Schur parameters" . In this paper we con- 
' struct simple conservative realizations using the Schur parameters only. It turns out that 

the unitary operators corresponding to the systems take the form of five diagonal block 
operator matrices, which are the analogs of Cantero-Moral- Velazquez (CMV) matrices ap- 
peared recently in the theory of scalar orthogonal polynomials on the unit circle. We obtain 
new models given by truncated block operator CMV matrices for an arbitrary completely 
non-unitary contraction. It is shown that the minimal unitary dilations of a contraction in 
i^H ' a Hilbert space and the minimal Naimark dilations of a semi-spectral operator measure on 

, the unit circle can also be expressed by means of block operator CMV matrices. 
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1. Introduction 

In what follows the class of all continuous linear operators defined on a complex Hilbert 
space ^1 and taking values in a complex Hilbert space Sj2 is denoted by L{Sji,Sj2) and 
L(i3) := L{9), 9)). We denote by I-h the identity operator in a Hilbert space H and by Pc the 
orthogonal projection onto the subspace (the closed linear manifold) C. The notation T\ C 
means the restriction of a linear operator T on the set C. The range and the null-space of a 
linear operator T are denoted by ran T and ker T, respectively. 

Recall that an operator T G Ij{Sji,Sj2) is said to be 

• contractive if ||T|| < 1; 

• isometnc if ||T/|| = ||/|| for all / g fii ^ T*T = I^^; 

• co-isometric if T* is isometric TT* = I^j^ ] 

• unitary if it is both isometric and co-isometric. 

Given a contraction T G L(^i,^2)- The operators 

Dt:= {I -T*Tf''^, Dt* := {I - TT*y/'^ 

are called the defect operators of T, and the subspaces Dt = fan -Dt, 2}^* = fan. Dt* the 
defect subspaces of T. The dimensions dim!!)^, dimSD-r* are known as the defect numbers of 
T. The defect operators satisfy the following intertwining relations 

(1.1) TDt = Dt'T, T*Dt* = DtT*. 

It follows from ([H]) that TDy C Dt-, T*S)t* C S)t, andT(ker Dy) = kei Dt* , T* {kei Dt*) = 
ker Dt- Moreover, the operators T\ ker Dt and T*\ ker Dt* are isometrics and T\Dt and 
T*\Dt* are 2)«re contractions, i.e., ||T/|| < 1 1/| | for / G ^ \ {0}. 

The Schur class S{Sji,S)2) is the set of all holomorphic and contractive L(i3i, i32)-valued 
functions on the unit disk D={AgC:|A|<1}. This class is a natural generalization 
of the Schur class S of scalar analytic functions mapping the unit disk D into the closed 
unit disk D [56] and is intimately connected with spectral theory and models for Hilbert 
space contraction operators [61], [25], [26], [27], [28], [29], the Lax-Phillips scattering theory 
[H], [I], [23], the theory of scalar and matrix orthogonal polynomials on the unit circle 
T = {^gC:|^| = 1} [37], [60], [39], [IQ], the theory of passive (contractive) discrete 
time-invariant linear systems [15], [16], [13], [H], [15], [22], [21]. One of the characterization 
of the operator- valued Schur class is that any G S(9Jl, Dl) can be realized as the transfer 
(characteristic) function of the form 

e(A) = D + \C{I^ - XA)-^B, A G D 

of a discrete time-invariant system (colligation) 
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with the input space Wl, the output space D^, and some state space 9). Moreover, if the 
operator Ur is given by the block operator matrix 



Ur 



then the system r can be chosen (a) passive {Ur is contractive) and minimal, (b) co-isometric 
{Ur is co-isometry) and observable, (c) isometric {Ur is isometry) and controllable, (d) 
conservative {Ur is unitary) and simple (see Section [3]). The corresponding models of the 
systems r and the state space operators A are well-known. We mention the de Branges- 
Rovnyak functional model of a co-isometric system [26], [7], [19], the Sz.-Nagy-Foias [61], the 
Pavlov [52], [53], [51], and the Nikol'skii-Vasyunin [50], [51] functional models of completely 
non-unitary contractions, the Brodskii |t29j functional model of a simple unitary colligation, 
the Arov-Kaashoek-Pik [15] functional model of a passive minimal and optimal system. All 
these models involve the Schur class function and/or the Hardy spaces, the de Branges- 
Rovnyak reproducing kernel Hilbert space. 

The main goal of the present paper is constructions of models for simple conservative 
systems and completely non-unitary contractions by means of the operator analogs of the 
scalar CMV matrices, which recently appeared in the theory of orthogonal polynomials on 
the unit circle [21], [OH], [SI], [SZ]- 

In the paper of M.J. Cantero, L. Moral, and L. Velazquez [HT] it is established that the 
semi-infinite matrices of the form 



;i.2) 



and 



;i.3) 



C = C({aJ) 



Po 






ttiPo PiPo 

a2Pi -a2ai 

P2P1 -P2tti 







a3P2 P3P2 

-0302 -P3012 

C(4P3 —0:403 



C = C({a„}) 



aiPo 
PiPo 





V : 



Po 

-Pi«o 







a2Pi 

—6:20:1 

a3P2 
P3P2 





P2P1 
-P2ai 
-030:2 

-P3«2 







a4P3 
-0403 



give representations of the unitary operator {Uf){() = C/(C) i^i -^2(T, (i/i), where the 
dn is a nontrivial probability measure on the unite circle, with respect to the orthonor- 
mal systems obtained by orthonormalization of the sequences {1, C, C^, C~^, • • •} cind 
{1, C, C~^, C^, • • •}, respectively. The Verblunsky coefficients |«n| < 1, arise in the 

Szego recurrence formula 



C$„(C) = $n+l(C)+«nC$n(l/C), 



n 



0,1, 
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for monic orthogonal with respect to polynomials and p„ := -^/l — |arip- The 

matrices C({a„}) and are called the CMV matrices. Note that the matrix C is 

transpose to C. 

Given a probability measure /z on T, define the Caratheodory function by 

F(A) = F(A, := / ^ dfiiO = 1 + 2 V /3„A", /3„ = / (""^^/i 

the moments of fi. F is an analytic function in D which obeys ReF > 0, F{0) = 1. The 
Schur class function /(A) is then defined by 

Given a Schur function /(A), which is not a finite Blaschke product, define inductively 

/o(A) = /(A), /„+i(A) = /"(^W»(0) _ ^ > 0. 
^^^'^"+1^^ A(l-/„(0)/„,(A))' - 

It is clear that {/„} is an infinite sequence of Schur functions called the n — th Schur iterates 
and neither of its terms is a finite Blaschke product. The numbers 7„ := /„(0) are called the 
Schur parameters: 

Sf = {70, 7i,---}- 

Note that 

. YJ^l-M ^ + (1 _ |,„P) ^/-^■W „ > 0. 

1 + 7n A/„+l 1 + 7nA/„+i ( A) 

The method of labeling / G S by its Schur parameters is known as the Schur algorithm and 
is due to I. Schur [56] • In the case when 



" A-A. 



is a finite Blaschke product of order A^, the Schur algorithm terminates at the A^-th step. 
The sequence of Schur parameters {7n}^=o is finite, |7„| < 1 for n = 0, 1, . . . , — 1, and 

IinI = 1- 

Due to Geronimus theorem for the function /(A, /i) the relations 7^ = a„ hold true for all 
n = 0, 1,.... 

There is a nice multiplicative structure of the CMV matrices. In the semi-infinite case C 
and C are the products of two matrices: C = CM., C = M.C, where 

C = ^(ao) © ^(02) © • • • ^(a2m) © • • • , 
M = lixi © ^(ai) © ^(as) © ... © ^Km+i) © • • • , 

and ^(a) = ( " ^ ) . The finite (A^ + 1) x (A^ + 1) CMV matrices C and C obey 



p —a 

ao,ai, . . . ,aN^i G D and |a;Ar| = 1, and also C = CM., C = MC, where in this case 
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In the paper |12j it is established that the truncated CMV matrices 



To = 7^ ({«„}) 



and 



% = %{{an}) 



obtained from the "full" CMV matrices C 



—aiOQ 












— a2«i 


a3P2 


P3P2 


P2pi 


-P2ai 


— a3a2 


-P3a2 








a4P3 


— 040:3 


/-aitto 


a2Pi 


P2P1 







— a2Cil 


-P2ai 










— Q;3a2 


a4P3 





P3P2 


-P3tt2 


—0:403 


V : 









■J 



C({o„}) and C = C({o„}) by deleting the first 
row and the first column, provide the models of completely non-unitary contractions with 
rank one defect operators. 

As pointed out by Simon in [61j, the history of CMV matrices is started with the papers of 
Bunse-Gerstner and Eisner [30] (1991) and Watkins [65j (1993), where unitary semi-infinite 
five-diagonal matrices were introduces and studied. In [3T] Cantero, Moral, and Velazquez 
(CMV) re-discovered them. In a context different from orthogonal polynomials on the unit 
circle, Bourget, Rowland, and Joye [23] introduced a set of doubly infinite family of matrices 
with three sets of parameters which for special choices of the parameters reduces to two-sided 
CMV matrices on ^^{'L). 

The Schur algorithm for matrix valued Schur class functions and its connection with 
the matrix orthogonal polynomials on the unit circle have been considered in the paper of 
Delsarte, Genin, and Kamp [10] and in the book of Dubovoj, Fritzsche, and Kirstein ^2]- 
The CMV matrices, connected with matrix orthogonal polynomials on the unit circle with 
respect to nontrivial matrix- valued measures are considered in [M] , [37] . If the kxk matrix- 
valued non-trivial measure /i on T, p{T) = Ikxk is given, then there are the left and the right 
orthonormal matrix polynomials. The Szego recursions take slightly different form than in 
the scalar case and the Verblunsky k x k matrix coefficients (the Schur parameters of the 
corresponding matrix-valued Schur function) {o„} satisfy the inequality ||on|| < 1 for all n. 
The latter condition is in fact equivalent to the non-triviality of the measure. The entries of 
the corresponding CMV matrix have the size k x k and the numbers p„ are replaced by the 
k X k defect matrices = Da„ = {I — a^anY^"^ and = Dq,* = (/ — o^^o*)^/^, where o* 
is the adjoint matrix. In these notations the CMV matrix is of the form 



;i-4) 



c = c({o4) 



/a* 


pWi 


PoPf 










Po 


— OqO^ 


-oopf 













o^pf 


— 0201 


P2«3 


P2P3 







P2pf 


-p^oi 


— O2O3 


-a2p3 













o*pf 


-O4O3 




V ■■ 










■■ I 



The operator extension of the Schur algorithm was developed by T. Constantinescu in 
and with numerous applications is presented in the monographs [20j| , [36l| • The next theorem 
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goes back to Shmul'yan \E7], and T. Constantinescu [34] (see also [20j, [H], [S]) and plays 
a key role in the operator Schur algorithm. 

Theorem 1.1. LetdJt and'^Jl be separable Hilbert spaces and let the function 0(A) be from the 
Schur class S(!DT, Dl). Then there exists a function Z{\) from the Schur class S(De(o)) ®e*(o)) 
such that 

(1.5) e(A) = 6(0) + De*(o)^(A)(/ + e*(0)Z(A))-iDe{o), A G D. 

The representation (11. 5p of a function 0(A) from the Schur class is called the Mobius 
representation of 0(A) and the function Z{\) is called the Mobius parameter of 6(A) (see 
[8], [9]). Clearly, Z{fS) = and by Schwartz's lemma we obtain that 

\\Z{X)\\ < |A|, A G D. 

The operator Schur's algorithm [20]. Fix 6(A) G S(07l, OT), put 6o(A) = 6(A) and let 
Zq{\) be the Mobius parameter of 6. Define 

To = 6(0), 6i(A) = ^ G S(Dro,Drs), V, = 6i(0) = Z^(0). 

If 6o(A), . . . , 6„(A) and Fq, . . . , F^ have been chosen, then let Z„+i(A) G S(S}r„, 2)r* ) be the 
Mobius parameter of 6„. Put 

6„,+i(A) = ^li^, r„+i = 6„+i(0). 

The contractions Fq G L(9Jl, D^), F„ G L(Dr„_i, 2}r;_ J, = 1)2,... are called the Schur 
parameters of 6(A) and the function 6„(A) G S(Dr„_i, 2^r;_j) we will call the n — th Schur 
iterate of 6(A). 
Formally we have 

6„,+i(A)rranDr„ = ^/^r* (/.),,- 6„(A)F:)-1(6„(A) - F„)Dp^i f ran Dr„. 

Clearly, the sequence of Schur parameters {F„} is infinite if and only if all operators F„ are 
non- unitary. The sequence of Schur parameters consists of a finite number of operators Fq, 
Fi, . . . , Ftv if and only if F^r G L(Drjv_i, -^r* _ ) is unitary. If F^v is isometric (co-isometric) 
then F„ = for all n > N. The following generalization of the classical Schur result is 
proved in [31] (see also [20]). 

Theorem 1.2. There is a one-to-one correspondence between the Schur class functions 
S(OJl, 91) and the set of all sequences of contractions {F„}„>o such that 

(1.6) Fo G L(97l, gi), F„ G L(2)r„_„ 2)r;_ J, n > 1. 

A sequence of contractions of the form (11.61) is called the choice sequence [32]. Such objects 
are used for the indexing of contractive intertwining dilations, of positive Toeplitz forms, and 
of the Naimark dilations of semi-spectral measures on the unit circle (see [32], [33], [35], [20] . 
[36] ) . Observe that the Naimark dilation and the model of a simple conservative system are 
given in [33], [31], and [2D] by infinite in all sides block operator matrix whose entries are 
expressed by means of the choice sequence or the Schur parameters. 
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Let US describe the main results of our paper. Given a choice sequence (I1.6I) . We construct 
the Hilbert spaces Sjo = S^o{{Tn}n>o)j = ^o{{^n}n>o) , the unitary operators 



^0 — ^oi{^n}n 



>0) 



To Qo 

^0 % 



, Uq — Wo({r„}„ 



and the unitarily equivalent simple conservative systems 







m 

: © - 




To 


Go 


.^0 




^0 


^0 



Co 



To Qo 

^0 % 



To Go 



such that the Schur parameters of the transfer function B of the systems Co and Co are 
precisely {r„}„>o. Moreover, the operators Wo and Wo in such constructions are given by 
the operator analogs of the CMV matrices. In the case when the operators r„ are neither 
isometric nor co-isometric for each n = 0, 1, . . ., the Hilbert spaces i^o and i^o are of the form 



n>0 



St 



n>0 



St 



Sr. 



and the operators Wo and Wo are given by the products of unitary diagonal operator matrices 



To 



'on 



Wn 



Jr. 



•r4 



Wo 



To 



T2 



T4 



where 



^ro -r^ 



971 

© 



Sr„ 



, Ji 



I. 



are the unitary operators called "elementary rotations'' 
the form of five-diagonal block operator matrices 



Wo 



Sr. 



St 



St 



S 



rfc 



= 1,2,.. 



|20j . The operators Wo and Wo take 



To 


TSFi 


^0 ^1 

















^ro 












































-r*r3 
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and 



To 


Dr* 

^ 



















-r,r* 



















-rtr2 








































-TIT, 








Note that the following relation 

Wo({r„}„>o) = (Wo({r:}„>o)*. 

holds true. Hence the CMV matrix (11.41) corresponds to the case 
971 = = Dro = S)rs = Sri = Dr* = . . . = Dr„ = ^r* 

"n = r;, = 0, 1, . . . , 



Thus, 

c({a„}) =Wo({r:}„>o) = (wo({r„}„,>o)*, c({a„}) =Wo({r:}„>o) = (Wo({r„}„>o)^ 

The block operator truncated CMV matrices 

To = To({r„}„>o) := Psjol^o\Sjo and % = fo{{Tn}n>o) ■= P]^,fio\^o 
are given by 

-'0 



To 



•r4 



Ta 







Jra 



•r4 



and can be rewritten in the three diagonal block operator matrix form with 2x2 entries 



-Bi Ci 
Ai ^2 C2 
A2 B3 C3 



Bi Ci 
Ai B2 Cj 
A2 B3 C3 



The constructions above and the corresponding results are presented in Section [51 We 
essentially rely on the constructions of simple conservative realizations of the Schur iterates 
{0„(A)}„>i by means of a given simple conservative realization of the function 9 G S(2Jt, Dl) 
[H]. A brief survey of the results in [H] are given in Section |H The cases when the Schur 
parameter T^ G L(Sr„_i5 2)r* _ ) of the function 6 G S(97l, D^), is isometric, co-isometric, 
unitary are considered in detail in Section [61 Observe that in fact we give another prove 
of Theorem 11.21 (the uniqueness of the function from S(9Jt, 91) with with given its Schur 
parameters is proved in Section [2]). In Section [7| we obtain in the block operator CMV matrix 
form the minimal unitary dilations of a contraction and the minimal Naimark dilations of a 
semi-spectral measure on the unite circle. Another and more complicated constructions of the 
minimal Naimark dilation and a simple conservative realization for a function G S(OJt, 91) 
by means of its Schur parameters are given in |33] and in respectively (see also [20j). 
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Simple conservative realizations of scalar Scliur functions with operators A, B, C, and D 
expressed via corresponding Schur parameters have been obtained by V. Duboboj [Tlj . 

We also prove in Section [7] that a unitary operator f/ in a separable Hilbert space R having 
a cyclic subspace 9Jl (span {U^Tl, n G Z} = ^) is unitarily equivalent to the block operator 
CMV matrices Uq and Uq constructed by means of the Schur parameters of the function 

e(A) = \{F^W - Im){F^{X) + where F^{\) = P^{U + A/^)(f/ - 

A G D. 

In the last Section [H] we prove that the Sz.-Nagy-Foias [HI] characteristic functions of 
truncated block operator CMV matrices Tq and 7^, constructing by means of the Schur 
parameters {r„}„>o of a purely contractive function 9 G 8(971, coincide with 9 in the 
sense of [64j . 

2. The Schur class functions and their iterates 



In the sequel we need the well known fact [61], [20j that if T G L(^i,i32) is a contraction 
which is neither isometric nor co-isometric, then the operator {elementary rotation [20j) Jt 
given by the operator matrix 

" T n 1 -^2 

Jt 



T 
Dt 



T 



is unitary. Clearly, = Jt*. If T is isometric or co-isometric, then the corresponding 
unitary elementary rotation takes the row or the column form 

and 



T 
Dt 



^2 

© 



'T J ~ "^T*- 

In Section Owe will need the following statement. 

Proposition 2.1. [llj. Let T be a contraction. ThenTh 
a vector ip G Dt such that h = Dt^ and g = Tip. 



Dt'Q if cind only if there exists 



Recall that if 9(A) G S{S^i,9)2) then there is a uniquely determined decomposition 
Proposition V.2.1] 



9(A) 



9,(A) 








ker D(. 



© 

ker Dr- 



where 9p(A) G S(S)e{o)) 2)e*(o))) 0p(O) is a pure contraction and 9^^ is a unitary constant. 
The function 9p(A) is called the pure part of 9(A) (see (SD])- If ©(0) is isometric (respect., co- 
isometric) then the pure part is of the form 9p(A) = G S({0}, De*(o)) (respect., 9p(A) = 
G S(2D0(o), {0})). The function 9 is called purely contractive if ker 1^0(0) = {0}. Two 
operator- valued functions 9 G S(07l, D^) and Q G S(.^, £) coincide J6^ if there are two 
unitary operators V : ^ £, and U : DJl such that 

(2.1) V&{X)U = n{X), AgD. 
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For the corresponding Schur parameters and the Schur iterates relation (12.11) yields the 
equalities 

(2.2) = f/*S)r„, = V^Sr*, Dg^ = U*Dr„U, Dg*^ = VD^.V% 

VQnWU = QnW, AG© 

for all n = 0, 1, ... . 

In what follows we give a proof of Theorem 11.61 different from the original one in [31] . 
First of all we will prove the uniqueness. The existence will be proved in Section [51 

Theorem 2.2. Any choice sequence uniquely determines a Schur class function. 

Proof. Let Fq G L(2)T, DT), F„ G L(Dr„_i, S)r;_J, ''^ > 1 be a choice sequence. Suppose 

the functions 6o(A) and 6o(A) from the Schur class S(93T, DT) have {F„}^ as their Schur 
parameters. Then for every n = 0, 1, . . . hold the relations 

e„(A) = F„ + ADr* (/ + Ae„+i(A)F:)-ie„+i(A)Dr„, 
e„(A) = F„ + ADr* (/ + Ae„+i(A)F:)-ie„+i(A)Dr„, 

where {9n(A)} and {On(A)} are the Schur iterates of 6 and 9, respectively. Then one has 

for every n the equalities 

(2.3) 

e„(A) - 0„(A) = 

= \Dr*iI + Ae„+i(A)F;)-i(e„+i(A) - e„+i(A))(/ + Ae„+i(A)F:)-iDr„, Ago. 

Since ||e„+i(A) - e„+i(A)|| < 2 for all A G © and e„+i(0) = 0„+i(O) = F„+i, by Schwartz's 
lemma we get 

||e„,+i(A)-0„+i(A)|| <2|A|, AgD. 

Further 

||(J + Ae„+i(A)F:)/||>(l- 
||(/ + Ae„+i(A)F:)/||>(l- 
for all A G © and for all / G 2)r*_j- These relations imply 

||(/ + Ae„+i(A)F:)"i|| < ||(/ + A0„+i(A)F:)-^|| < ^ 

for all A G © and for all n = 0, 1, . . . . Hence and from (12.31) we have 

;iHAi) 

Then applying (12. 3p for 6„_i and 0„_i in the left hand side, we see that 
||e„_i(A) - e„„i(A)|| < 2|A| (^^^^) > ^ e D, 

and finally 

n+l 



|e„(A) - e„(A)|| < 2|A| ' \ AgD. 



(2.4) ||eo(A)-eo(A)||<2|A| (^^^^) ,Ag© 



for all n = 0, 1, . . .. 
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Let |A| < (3- V5)/2. Then 



:i-iAip 



< 1. 



Letting n — > oo in (12 ■4p we get 



eo(A) = eo(A), |A| < 



3 - V5 



Since Qq and Gq are holomorphic in D, they are equal on D. 



□ 



3. Conservative discrete- time linear systems and their transfer functions 

'D C 
B A 

with bounded hnear operators A, B, C, D of the form 



Let 071, D^, and be separable Hilbert spaces. A linear system r 



(3.1) 



(jfc = Chk + D^k, 
hk+i = Ahk + B^k 



k>0, 



where {^k} C 3Jt, {cTfc} C 91, {hk} C is called a discrete time-invariant system. The 
Hilbert spaces Tl and are called the input and the output spaces, respectively, and the 
Hilbert space Sj is called the state space. The operators A, B, C, and D are called the state 
space operator, the control operator, the observation operator, and the feedthrough operator 
of r, respectively. Put 

m m 

II I : 

Ur 



D C 
B A 



^ i3 

If Ur is contractive, then the corresponding discrete-time system is said to be passive 
If the operator Ur is isometric (respect., co-isometric, unitary), then the system is said to 
be isometric (respect., co-isometric, conservative). Isometric, co-isometric, conservative, 
and passive discrete time-invariant systems have been studied in [Zl, [M], pS] - 

m, m, m, m, m, m, m, m, m, m, m, m, m, m, n, u, m- it is 

relevant to remark that a brief history of System Theory is presented in the recent preprint 
of B. Fritzsche, V. Katsnelson, and B. Kirstein [13] . 
The subspaces 

(3.2) Sj" := span{A''S!H : n = 0, 1, . . .} and ^° := span {A*"C*D1 : n = 0, 1, . . .} 

are said to be the controllable and observable subspaces of the system r, respectively. The 
system r is said to be controllable (respect., observable) if i^^ = ^ (respect., = S)), and it 
is called minimal if r is both controllable and observable. The system r is said to be simple 
if 

9j = clos {iD" + = span {A'^BTl, A*^C*% A;, / = 0, 1, . . .} 
It follows from fl3.2p that 

oo oo 

[SjY = n ker(S*A*"), (fi°)^ = f] ker(CA"), 

n=0 n=0 

and therefore there are the following alternative characterizations: 
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(a) r is controllable 

(b) r is observable < 

(c) r is simple <^=^ 



n ker(5M*'^) = {0}; 

n=0 
oo 

n ker(CA") = {0}; 



n=0 



ra=0 



n ker(5*v4*") n m ker(CA 



n=0 



{0}. 



A contraction A acting in a Hilbert space Sj is called completely non-unitary ^64j| if there 
is no nontrivial reducing subspace of A, on which A generates a unitary operator. Given a 
contraction A in Sj then there is a canonical orthogonal decomposition [Ml Theorem 1.3.2] 

Sd = ^o®^u A = Ao®Ai, Aj = A\Sjj, j = 0,l, 

where i^o and Sji reduce A, the operator Aq is a completely non-unitary contraction, and Ai 
is a unitary operator. Moreover, 



fli = I fl ker^A'^ ) n ( n ker Z^A-'^ ) • 

\n>l / \n>l / 



Since 

we get 
(3.3) 



n-l 



n-1 



Pi ker(DA^'') = kerZ^A-, Q ker(DA*^**^) = ker^A* 



fc=0 



fe=0 



Pi ker Da" = fl e span {A*''DaSj, n = 0, 1, . . .} , 

n>l 

P ker Da*" = ^3 span {A^Da*-^, n = 0, 1, . . .} . 



n>l 



It follows that 

A is completely non-unitary 



(3.4) 



If r 



n>l 



nker^A" n n ker Z^A- = {0} 



n>l 



span{A*"L)A, ^""Z^A*, n,m > 0} = fi. 



D C 
B A 



; on, Dl, ^ J is a conservative system then r is simple if and only if the state 

space operator A is a completely non-unitary contraction [29], [22] . 
The transfer function 

Qr{\) ■■= D + \C{I^-\A)-^B, AeD, 

of the passive system r belongs to the Schur class S(On, 9T) [13]. Conservative systems are 
also called the unitary colligations and their transfer functions are called the characteristic 
functions [29] . 

The examples of conservative systems are given by 



-A Da* 
Da a* 



~A* Da 
Da* a 



^A*,^A,S}}. 



The transfer functions of these systems 

<l>s(A) = {-A + \DA*{h - >^A*)-^Da) ^Da, AG 
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and 

$s,(A) = {-A* + \DA{h - \A)-^Da*) r^A., A G D 

are precisely the Sz.Nagy-Foias characteristic functions [64J of A and A* , correspondingly. 

It is well known that every operator-valued function 0(A) from the Schur class S(nJt, Dl) 
can be realized as the transfer function of some passive system, which can be chosen as con- 
trollable isometric (respect., observable co-isometric, simple conservative, minimal passive); 
cf. [26], [M], [29], [7] [I3], [15], [6]. Moreover, two controllable isometric (respect., observ- 
able co-isometric, simple conservative) systems with the same transfer function are unitarily 
equivalent: two discrete-time systems 



D Ci 
Bi A, 



;m,%Sji} and T2 



D C2 

^2 A2 



or, ^2 



are said to be unitarily equivalent if there exists a unitary operator V from i^i onto S)2 such 
that 



(3.5) ^ 
cf. [25], [26], [7], [29], [6]. 



V-^AoV, 



= V-^B2, Ci = C2V 





0" 




' D 


Ci 




' D 


C2 




'Im 0" 





V 




.^1 






B2 


A2 




V 



4. Conservative realizations of the Schur iterates 

Let A be a completely non-unitary contraction in a separable Hilbert space S). Suppose 
kerD^ 7^ {0}. Define the subspaces and operators (see [9]) 



(4.1) 
(4.2) 



Sdnfi = kerD^n, i3o,m := kerZ^A™, 
9)nm '■= ker Da^ H ker D^*™ , m,n eN, 



Ar 



where are the orthogonal projections in onto Sjn,m- The next results have been 

established in [H]. 



Theorem 4.1. [9J. 

(1) Hold the relations 

ker DAk 



^n+k,mj ker D^.fc^ — 9jn,m+k, k — 1,2, . 
TlA„,m = fan(Pn,m^A"+i)) 

Da*^ = fan(Pn,m^A™+i) ' 



AS) 
A*S) 



n,m 
■n,m 



-^n-l,m+l) ^ 1; 
= -^n+l,m-l; ITl > 1 



(4.3) {A 

(2) The operators {An.m} o,re completely non-unitary contractions. 
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(3) The operators 

are unitarily equivalent and 

The relation (14.31) yields the following picture for the creation of the operators A. 



A 




The process terminates on the A^-th step if and only if 

kerD^iv = {0} <^ kerD^iv-i n kerZ)^* = {0} . . . 

ker D^N-k n ker Dj^,k = {0} <^=^ . . . ker D^.iv = {0}. 

Theorem 4.2. [9j. Let A be a completely non-unitary contraction in a separable Hilbert 
space Sj. Assume kerD^ ^ {0} and let the contractions An^m be defined by (14.11) and (14.21) . 
Then the characteristic functions of the operators 

Anflj ^n~l,l) • • • ) An—m,rm ■ ■ ■ ^l,n~l; ^0,n 

coincide with the pure part of the n-th Schur iterate of the characteristic function $(A) of 
A. Moreover, each operator from the set {^n-fe,fc}fc=o 

(1) a unilateral shift (respect., co-shift) if and only if the n-th Schur parameter r„ of $ 
is isometric (respect., co-isometric) , 

(2) the orthogonal sum of a unilateral shift and co-shift if and only if 

(4.4) S)r„_i 7^ {0}, Dr;_, ^ {0} and = for all m>n. 

Each subspace from the set {Sjn-k,k}k=o ^■^ trivial if and only ifVn is unitary. 

Theorem 4.3. [Qj. Let Q{X) e 8(271,9^1) and let 

[To C 
B A 



To 



be a simple conservative realization ofQ. Then the Schur parameters {r„}„>i of Q can be 
calculated as follows 

= D^}C {D^^B*y , = D^}D^}CA {D,^D,^ (5n^i,o))% ■ ■ ■ , 

r„ = D^l^ . . . D^}CA--' (Z^fi, ■ ■ ■ {B* \ ^n-i,o; 
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In 



Here the operators D^l and D^}, k = 0, 1, . . . are the Moore-Penrose pseudo inverses, the 
operator 

{DvL ■ --Dto (5*riDn-i,o))* e L(Dr„_„iDn-l,0) 
is the adjoint to the operator 

DrL ■ ■ ■ ^ri {B* \ Sj^-ifi) e L(iDn-i,o, S)r„_ J, 

and 

ran (D^l^---D^^{B*\f)^,o)) C ranZ^r^, 
ran ■ ■ ■ D^} {C\9)o,n)) C ran^r* 

for every n > 1. Moreover, for each n > 1 the unitarily equivalent simple conservative 

systems 
(4.6) 

r„ D-} ■■■D-liCA''-^'^'^ 

^ n-l ^ 

/c = 0, 1, . . . , n 

are realizations of the n-th Schur iterate 0„ o/0. Here the operator 

Bn = [d^I, ■ --D^l (5*r-^Dn,o))* e L(Dr„_„i3n,0) 
is the adjoint to the operator 

DrL ■ ■ ■ B>ro iB*\^n,o) e L(iDn,o, ®r„_ J- 

Note that if 

1) r„, is isometric then Dr„ = 0, = G L(Dr;^, {0}), Sr- = ©r^, and S^o,n = S)o,m for 
n >m. The unitarily equivalent observable conservative systems 

m— 1 
^fn,— fc,A; 

have transfer functions = and the operators Am-k,k are unitarily equivalent co- 

shifts of multiplicity dimS!)r;^, the Schur iterates ©„ are null operators from L({0}, Dr^) for 
n > m + 1 and are transfer functions of the conservative observable system 

"0 dt:} ■■■D^}C' 

2) is co-isometric then Sr; = 0, S)r„ = 2)r^, and r„ = e L(S)r^, {0}), 9)n,Q = -^m,o 
for n > m. The unitarily equivalent controllable conservative systems 

r™, 



; S)r„_i , '^r*^_^ , ^m-k,k ( , k — 0,1, ... , 



, m 



T, 



m+1 



;{0},S)r^,i3o,m 



.(fe) 



• • • {B*\S:rr^,0)y An-k,k_ 



;£'r^_i,£'r;,_i,-^m-fe,fe 



have transfer functions ©m(A) = and the operators Am-k,k are unitarily equivalent unilat- 
eral shifts of multiplicity dim!Dr„, the Schur iterates 9^ are null operators from L(S)r^, {0}) 
for n > m + 1 and are transfer functions of the conservative controllable system 





;S)r^,{0},i5m,o 
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We also mention that if e(A) G 8(971,0^1), Tq = 6(0), ei(A) is the first Schur iterate of 6 
and if 

Fro c 

B A 



T 



is a simple conservative system with transfer function 6, then the simple conservative systems 

D^}C\ ker Da* 



(4.7) 



Co,i 

Cl,0 



;Sro,Srs,kerDA- 
Dro,2)r2,kerD^| 



have transfer functions 0i(A) (see |9]). Here the operators D^^, D 



and Dj^l are the 



A Acr Djl B Pkcr D 4. ^ t kcr D A' 

D^}C{D^lB*Y D:^}CA\keiDA 

Pker Da ^ a* B Pker Da ^ \ ker Da 

Moore-Penrose pseudo- inverses. In the sequel the transformations of the conservative system 

^ Co,i, ^ Ci,o 
we will denote by Qoa{t) and Qi^o{t), respectively. 

Remark 4.4. The problem of isometric, co-isometric, and conservative realizations of the 
Schur iterates for a scalar function from the generalized Schur class has been studied in [2], 
[3], [1], [5]. For a scalar finite Blaschke product the realizations of the Schur iterates are 
constructed in l43l. 



5. Block operator CMV matrices and conservative realizations of the 
Schur class function (the case when the operator r„ is neither an 

ISOMETRY NOR A CO-ISOMETRY FOR EACH n) 

Let 

To e L{m,m), r„ G L(S)r„_i,S)r:_J, n > 1 
be a choice sequence. In this and next Section [6] we are going to construct by means 
of {r„}„>o two unitary equivalent simple conservative systems with such transfer function 
6 G S(JM, DT) that {r„}„>o are its Schur parameters. In particular, this leads to the existence 
part of Theorem 1 1 . 2 1 and to the well known result that any G S(9Jt, DT) admits a realization 
as the transfer function of a simple conservative system. We begin with constructions of block 
operator CMV matrices for given choice sequence {r„}„>o and will suppose that all operators 
r„ are neither isometries nor co-isometries. We will use the well known constructions of finite 
and infinite orthogonal sums of Hilbert spaces. Namely, if {-fffcjfcLi is a given sequence of 
Hilbert spaces, then 

N 



fc=i 



is the Hilbert space with the inner product 



N 



k=0 



for / = (/i, . . . , /nV and g = (g 



1) 



S'Af)^; fk, gk € Hk, 
N 



and the norm 



k=0 
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The Hilbert space 

oo 

k=0 

consists of all vectors of the form / = (/i, /2, . . .)^, fk € Hk, k = 1,2, . . . , such that 

oo 

ii/ir = Eii/^iik<^- 

k=l 

The inner product is given by 

oo 

if: 9) = ^{fk:9k)Hk- 



k=l 



5.1. Block operator CMV matrices. Define the Hilbert spaces 

(5.1) Sjo = W^n}n>0) := ® , -^0 = W^n}n>0) - 



St 



n>0 



2)i 



- 2n+l 



n>0 



2) 



r2n+l 



Prom these definitions it follows, that 

The spaces and 9JI i^o we represent in the form 

^0^0= ® 0E0 ® ' 
Sro n>i S)r2„ 

2^0^o= ® 0E0 



Dt 



n>l 



25 r! 



Let 



To 



Jr. 



Dt 



Dr, -rt 



k 



© 



, k = l,2,... 



Sr. 



^r. jtj 

be the elementary rotations. Define the following unitary operators 



Mo = Mo({r„}„>o) := /nn0 E Jr.„_i : M0flo ^ 0^io, 



n>l 



(5.2) 



Mo = A^o({rj„>o) := /^n0 E Jr2„-i : 5T0iDo ^ ^0i3o, 



n>l 



£o = >Co({r4„>o) :=Jro0E0Jr.„ :37t0i3o^OT0^o. 

n>l 



Observe that 



{^o{{^n}n>o)) — '^o({r*}n>o)- 
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Let 

(5.3) Vo = Vo({r„},>o) := 5^ Jr,„_i : ^ ^o- 

n>l 



Clearly, the operator Vo is unitary and 

(5.4) Mo^Im^Vo, A4o = /<n0Vo. 



It follows that 

[Moi{rn}n>o)y = Moi{K}n>o), (A<o({r Jn>o))* = A^o({r;}„>o) 

Finally define the unitary operators 

, . Up = Wo({r4n>o) := jCoMo : njte^o ^ ^©^0, 

^ ■ ' Wo =Wo({r„}„>o) := MoCo : M0iDo ^ 5T0iDo- 

By calculations we get 



rro 




Dr* Dr* 



















-Far* 











-r;r3 





































... 

... 

Dr^Dr* 

-r*Dr* 

-r4r* Dr^T, Dr^Dri 

-Dr.Vl -qrs -T^Dri 

TqDt, -Fgr* DrlV^ Dr-^Dr; 



and 



To 
























-r^r* 




Dr* Dr* 














































Dr*Dr* 


















-r*r4 


-TIDyi 




















r,Dr, 






DriD, 


















-r^re 


-VID 








Let 



Co = [DriT^ DriDr*;\ : © ^ OT, A = 







: m 



ro 



St 
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(5.6) 



C 



"r2„-2r2n-l 




-r2n-2-Dr*„_ 

~r2nr2„_i 



^2n 



2n-l ^ 2n-l 

®r2„-2 



^r*„r2„+i L'r^^L'r^^+i 



-Dr2„-Dr2„-i --Or2nr2n-i 



1 ®rs 
[L'rs 0] : © ^ Ot, A 



Dp, Dp* 

2n+l '-2n-l 

© 
S)r: 



(5.7) 



~r2n-ir2 



2n-2 



Dr* r 



jJ- 2n 



c = 



r2n-2 

© 



S)r2„-i 



2n+l 

Dr; 



: OJl 



Dp* 



r2n-l 



r2n+i-Dr2„ 
i5r2„+i^r2„. 



D 
D 



r2n+l 

r* _„ 



Sr2„_i 



Sr2„-, 



D 



r2r7 



It is easy to see that the operators Uq and take the following three-diagonal block operator 
matrix form 

To Co 0- 
Ao Bi Ci 0- 
Ai B2 C2 ■ 



Uq — Uq ({r„}„>o) 



Uq — Uq ({r„}n>o) 



To Co 
^0 Ci 
Ai B2 C2 



The block operator matrices Uq and Uq we will call block operator CMV matrices. Observe 
that 

(5.8) MoWo = UqMq, 
and the following equalities hold true 

(5.9) (Wo({r„}„>o))* = Wo({r:}„>o), (uQ{{rn}n>o)Y = Wo({r:}„>o) 



Therefore the matrix Uq can bo obtained from Uq by passing to the adjoint Uq and then 
by replacing r„ (respect., F*) by F* (respect., F„) for all n. In the case when the choice 
sequence consists of complex numbers from the unit disk the matrix Uq is the transpose to 
Uq, i.e., Uq = Uq. 
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5.2. Truncated block operator CMV matrices. Define two contractions 

(5.10) To = To({r„}„>o) := P^Mo\ : ^ iOo, 

(5.11) To = fo({r„}„>o) := P^fiol^o : 5o ^ ^o- 

The operators Tq and Tq take on tlie three-diagonal block operator matrix forms 

'Bi Ci 0-" 
Ai B2 Cj ■ 
^2 ^3 C3 ■ ' 

where An, Bn, C„, An, Bn, and C„ are given by (15.61) and (15.71) . Since the matrices % and Tq 
are obtained from Uq and Uq by deleting the first rows and the first columns, we will call 
them truncated block operator CMV matrices. Observe that from the definitions of Co, Aio, 
A4o, %, and Tq it follows that % and % are products of two block- diagonal matrices 



(5.12) To = To({r4,>o) = 



(5.13) To = To({r4„>o) = 



In particular, it follows that 

(5.14) (To({r„}„>o))* = fo({r:}„>o). 

From (I5.12P and (I5.13P we have 

VoTo = ToVo, 

where the unitary operator Vo is defined by (15.31) . Therefore, the operators % and Tq are 
unitarily equivalent. 

Proposition 5.1. Let 6 G 8(971, D^T) and let {r„}„>o be the Schur parameters ofQ. Suppose 
r„ is neither isometric nor co-isometric for each n. Let the function Vt G S(.^, £) coincides 
with and Let {G'„}„>o be the Schur parameters of Vt. Then truncated block operator 

CMV matrices TQ{{Tn]n>o) ond Tj) ({(?„} „>o) (respect, TQ{{Tn]n>Q) and TQ{{Gn]n>o)) are 
unitarily equivalent. 



To 



Bi Ci 
Ai B2 C2 
A2 Bs C3 



'r4 



Tan 



Jr. 



Jr. 



''^ 



'r4 
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Proof. Since = VQ{\)U, where U G L(^, 971) and V G L(D1, £) are unitary operators, 
we get relations (12. 2p . It follows that 7^ {0} ^"^^ ^Dg* {0} for all n. Hence, we have 



(5.15) Jg„ 
Define the Hilbert space 



'u* 


0" 




'V " 





V 




u* 



Jr„, n = 0, 1, 



G2n 



n.>0 



G: 



2n + l 



and truncated block operator CMV matrix 







^({G'„}„>o) := 



Define the unitary operator 



W 



'G4 



■Jg. 



'Gs 



' G2n + 1 



V* 



V 



u* 



V 



From (I5.12p and flS.lSp we obtain 

wro({r„}„>o) = T({G„}„>o)w. 

Thus '7o({r„}„>o) and T({G„}„>o) are unitarily equivalent. 



□ 



Now we are going to find the defect operators and defect subspaces for % and %. Let 
f = {foJu---V e ^0, where 



fn 



n = 0, 1, 



Then 



l^ofl 



(5.16) 

l|f||' 

Let X = (xq, zi, . . .)"^ G where 



|f||2 - ||ro*f|p 



PfnWof|p - 



Co 
A* 



ho 
9o 



ho 
9o 



\Dr*^{T,ho + DrigoW, 
- WDvohoW^. 



hn 
9n 



2)t 



2)t 



n = 0, 1,.... 



- 2n + l 
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Then 

||x|p-||fox||2=||P<^OX|P = 

Now from Proposition 12.11 it follows that 



Co 
A 



ho 
9o 



ho 
9o 



= \\Dr,iTlho + Dr,goW. 



(5.17) 



ker D 



To 



-Flip 



e Dr, ^ e E e 



T2n 



n>l S), 



kerDr„*=2'neE© ® 



- 2n + l 



To 



r2r7 



^eSrs 00, OG E© ® 



2)r,* = ©0, G S)rj © E © ® 

n>l Dp 



2n+l 



(5.18) 



kerD^^ = 2)r,©E© © 



n>l 



ker 



^ e S)rs © E © © 

J n>l 2D 

% = Sr5©0, 0G2)r,©E© © 

®r2„+i 



r2 



n + l 



n>l 



-'o 



3i 

^eSro|^©0, OG E© © 

n>l J) 



r2n4 



5.3. Simple conservative realizations of the Schur class function by means of its 
Schur parameters. Let 



Go = £o({rn}n>0) = [Dr-Ti Dr*Dri . . ] ^ % 
Qo = Qo{{Tn}n>o) = [^rs ...]:Sjo-^% 



^0 — ^ 3({rri} 



n>0) 








-.m^S^O, J'o = M{^n} 



n>0) 
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The operators Uq and Uq can be represented by 2 x 2 block operator matrices 

Wo 



To ^0 
•^0 



To ^0 
.^0 %. 



^0 

© 

^0 



i3o 



Define the following conservative systems 



(5.19) 



Co 
Co 



To Go 
To Qo 



;mt,D^,i3o| = {Wo({rj„>o);mt,Di,^o({r„}„>o)} 

;9Jl,0^,^o| = {Wo({r„}„>o);9Jl,m,^o({r„}„>o 



The equahties (15 ■4p and (15.81) yield that systems Co and Co are unitarily equivalent. Hence, 
Co and Co have equal transfer functions. 
Observe that 

To= ^ro, Qo = Dvi [ri . . .] 



^0 



Ti 






Dro, 6;o = ^rs,[/^n 0...] 



and 



[Fi ...] 








[Jcri ...] 








Theorem 5.2. The unitarily equivalent conservative systems Co O'lT-d Co fi'^'wen by (I5.19P are 

simple and the Schur parameters of the transfer function of (o and Co ore {r„}„>o. 



Proof. The main step is a proof that the systems fio,i(Co) and i7i,o(Co) given by (14.71) take 
the form 



(5.20) 



^^o,i(Co) = |f/o({r„}„>i),S)ro,S)rs,i3o({r„}„>i 
^^i,o(Co) = {f/o({rn}„>i),S)ro,2:rs,i3o({rn}„>i)} 

First of all we will prove that the systems Co and Co are simple. 
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Define the subspaces 



n>k Dr2„ n>k S)r*„+^ 

Clearly, S^q D S)i D Sj2 ^ ■ ■ ■ ^ D ■ ■ ■ • From (15.11) it follows the equality 

fl = {0}. 

m>0 

Let r_i = : 971 — > Then Dr-i = 971, = We can consider Uq as acting from 

2)r_i ffi -^0 onto S)ri^ © i^o and as acting from 2)r_i © -^o onto Tlr*_^ © i^o- Fix m G N 
and define 

Then {r^r^}„>o = {Tk}k>m, and 



_ p „ _ _i n 1 

n n+m; "' x, w, x, . . . 



n>2fe-l) , 

-^2fc = -^o({ri ''}n>o) = -^0 ({rn}n>2fc) • 

Let 

W2fc-i=Wo({ri''-'^}n>o)=Wo({rj„>2fe_i): © ^ © 

^2k-l ^2k-l 

>V2A:=Wo({rr^}„>o) =Wo({r„}„>2fc) : © ^ © ,k>l. 

^2k S)2k 

Define the operators 

(5.21) %n = Ps^^'^n.\^m, m = 1, 2, . . . . 

Then 



(5.22) 



T2k-i — ^({ri ^}n>o) — ^({r„}„ 

%k = %{{^n }n>o) = '^({r„} n>2k 



>2k-l), 



From dSlZD, (1ET5D . (1^ . and we get 

ker Dtq* = ^1, ker Dt^ = ^2, • • • , ker Dr*^ = S^2k+i, ker -Drafc.i = ^2fc, • • • ■ 

From dsn, and d522]) it follows that 

^ker Dr* % \ ker Dr* = Ti , Pkcr ^1 f ker = T2 , . . . , 

PkerDr,,, 1 ker Dr^ = 7^^, Pkerz?^* ^fc \ ker Dr* = '^fc+i, ■ ■ ■ ■ 

— 2fc 

Thus, 

•^2fc-i = ker -Dt"^.*; fl ker Drj-k-i, 

S^2k = ker -07-3**= ^ ker D^^fc . 
In notations of Section H] the operators T2k-i and T2k coincide with the operators {%)k^i^k 
and (7o)A:,fc, respectively. From the definition of ioo we get 

fl ker Dr^,. J fj ( fj ker D^. ] = f] (ker Dr^,, n ker Dr.) = f]Sj2k = {0}. 

^A;>1 / \fc>l / k>l fc>l 
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So, the operators %, Tq, and {Tk}k>i are completely non-unitary. It follows that the con- 
servative systems 



Co 



To Go 



dn,%9j} and Co 



To Go 
.^0 To. 



are simple. 

The operators Wm takes the following 2x2 block operator matrix form 



Tm Gm 

T T 



where 



G2k-1 = Go{{Tn}n>2k^l) = [^r*,_, . . .] : f)2fe-l ^ ^F*, 

G2k = Goi{rn}n>2k)=[Dr',,r,,^i ^r^./^r^,,, . . .] : i^^. - Dr*,_,, 






^2k-l — ^q{\X n] n>2k-l) 



^2fe — ^o({rra}n>2A;) 



Suppose that the system 








:2)r2 



^1 



2k- 



Co 



To ^0 

^0 Tq 



has transfer function \I/(A), i.e., 

^(A) = ro + A6;o(/i3o-ATo)-i^o. 

Then \l/(0) = Fq. Let \l'i(A) be the first Schur iterate of \1'. By (14. 7p the transfer function of 
the simple conservative system 

'DfiC(L>ry^5*)* D^}C \ ker Da* 

_ A Acr Da D^l B Pker D^, A f kcr Z^^. _ 

is the first Schur iterate of the transfer function of the simple conservative system 

To C 
B A 



fio,i(i^) 



;S)ro,2)rs,ker Da* 



We will construct the system (i = f2o,i(Co) from the system ^o- In our case 

'Z^r^^oPro'-^o)* D^}Go\keTDr* " 
^-Pker T>^*^o -Pker D-r* To \ ker Dr* 



Cl — ^0,1 (Co 



;S)ro,S)rs,kerDr„* 
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Clearly, 



Therefore, 



D^}go = [Ti Dr* . . .] : 








[Fi Dr^ ...] 









Thus, the first Schur parameter of \l/ is equal to Fi. From ( ]5.17p it follows that ker Dr* = S)i 
and Dr* = DrnPvr ■ Hence 



•'o 








As has been proved above 



^ker D^, % \ ker Dr* = Ti . 



Let h G Dtq- Let us find the projection PkevDr^h. According to (15.171) we have to find the 
vectors Lp G and ip ^ '^r^ such that 



-FiV9 



+ 



We have 



h = Dr,'p + ri^ 
FiV9 = Dr*^. 



From the second equation and Proposition 12 .11 it follows (p = D^^g, ip = Tig, where g G S)ro- 
Therefore 



h = Dl^g + TlTig, 



i.e., g = h. Hence 



-Pkcr Dtq 
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Now we get 





















Pro 


-r*ri 
















































-r*r3 


























-r4r* 




'-4 ^5 


















-^r.r* 


-r:r5 




























^ 6 ' 



^6 '-7 



X 








■ 

Dr,Dr,h 





{{^n}n>l)} 



Thus we get that Ci is of the form 

Ci=f^o,i(Co) = | I ;Dro,2)r5,i3i 
Similarly 

^^l,o(Co) = {Uoi{Tn}n>l) ,^ro,^r*,,^oi{Tn}n>l)} . 

The transfer functions of these systems are equal to \l'i(A) (see Section H]), and Fi is exactly 
is the first Schur parameter of ^E'(A). 

Let \E'2(A) is the second Schur iterate of Constructing the simple conservative system 
C2 = ^1,0 (Ci) of form fl4.7p with the transfer function we will get the system 



C2 



r2 G2 
T2 T2 



;S)ri,2)rj,fl2| = {Wo({r„}n>2);Dri,Sn,:^o({r„}n>2)}. 



Let \&m(A) be the m— th Schur iterate of \E'. Arguing by induction we get that \E'm(A) is 
transfer function of the system 



Cn 



m f m 

T T 

■J m ■'■m 



'Wo({r„}n>2fc-i);2)r2fc_2'®r;^_2'^o({r„}„>2fe-i)} , m = 2k-l 
I |Wo({r„}„>2fc);2Dr2fc_i,2)r*^_^,^o({r„,}„>2fe)| , m = 2k 
for all m. Observe that 

C2fc-1 = ^0,l(C2A;-2), C2fc = ^1,0 (C2fc-l) , A; > 1. 

Thus, {r„}„>o are the Schur parameters of \E'. □ 

From Theorem 15.21 and Theorem 12.21 we immediately arrive at the following result. 

Theorem 5.3. Let 6(A) G S(OJl, DT) and let {r„}„>o be the Schur parameters ofQ. Then the 
systems (I5.19P are simple conservative realizations of Q. Moreover, for each natural number 
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k the k-th Schur iterate of Q is the transfer function of the simple conservative systems 
|Wo(r„}„>fc); Dr^^i, Sq^j, ^io(r„}„>fc)| and |z7o(rn}„>fc); Dr^^i, 2)r*_j, ^o(r„}„>fc)| . 

Observe that in fact we have proved Theorem 11.21 and our proof is different from given in 
and 



Remark 5.4. More comphcated construction of the state Hilbert space and simple conserva- 
tive reahzation for a Schur function B G S(27l, D^) by means of a block operator matrix are 
given in [17] (see [SO])- These constructions also involve Schur parameters of G and some 
additional Hilbert spaces and operators. One more model based on the Schur parameters 
of a scalar Schur class function 6 is obtained in [51]. In terms of this model in [H] are 
established the necessary and sufficient conditions in order to G has a meromorphic pseu- 
do continuation of bounded type to the exterior of the unit disk. In recent preprint [43j a 
construction of a minimal conservative realization of a scalar finite Blaschke product in terms 
of the Hessenberg matrix is given. 

6. Block operator CMV matrices (the rest cases) 

Let {r„} be the Schur parameters of the function G G S(2Jt, 91). Suppose is an 
isometry (respect., co-isometry, unitary) for some m > 0. Then Gm(A) = Tm for all A G D 
and 

Gm_i(A) = Tm-i + XDr*^_T„i{I:o^^_^ + XT*^_;^T.m)~ -Dr„_i, 
G™_2(A) = r^_2 + ADr:„_^G^_i(A)(/x,,^_^ + Xr*^_,Q^.,{X))-'Dr^_„ 



G(A) = To + XDr*Qi{X){I^,^ + Xr*ei{X))~'Dr„ A G D. 
In this case the function G also is the transfer function of the simple conservative systems 
constructed similarly to the situation in Section [5] by means of its Schur parameters and 
corresponding block operator CMV matrices Uo and Uo- Observe that if Tm is isometric 
(respect., co-isometric) then r„ = 0, Dp* = S)r^, Dp* = ^Srj^ (respect., I)r„ = 2Dr„, 
= -^X)r„) foi' n > m. The constructions of the state spaces S)q = Sjo{{^n}n>o) and 
•^0 = ^o({rn}n>o) are similar to (15.11) but one have to replace by {0} (respect.. Dp* by 
{0}) for n > m, and 2)r* by (respect., 2)r„ by S?r„) for n> m. The relation 

-^o({r*}n>o) = -^o({rn}n>o) 

remains true. If, in addition, the operator Tm is isometry ( <^=^ the operator D^*^ is the 
orthogonal projection in Sr^-i onto kerFj!^) or co-isometry ( the operator is the 
orthogonal projection in !Dr* _ onto kerF^), then the corresponding unitary elementary 
rotation takes the the row or the column form 

= [r^ Jj,^, 1 : © ^ S)r* , 

-L m L m J m — 1 ' 



J? 

J- m 



F 

1 T7 



2)t 

m 



: St 



Dp 

Therefore, in definitions (15. 2p of the block diagonal operator matrices 

£o = /:o({rn}n>o), ^0 = o ({r„}„>o) , and = 7Wo({rn}n>o) 
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one should replace 

• Jr„ by Jp ■* and Jr„ by I^^, for n > m, when is isometry, 

(c) 

• Jr„ by Jpj^, and Jr„ by /x)r„ n> m, when is co-isometry, 

• Jr^ by F^, when F^ is unitary. 

As in Section [5] in all these cases the block operators CMV matrices Uo = Wo({F.„}„>o) and 
Uq = Wo({F„}„>o), are given by the products 

Uo = CoMo, Uo = MoU 

These matrices are five block-diagonal. In the case when the operator F^, is unitary the 
block operator CMV matrices Uo and Uo are finite and otherwise they are semi-infinite. 

As in Section [5] the truncated block operator CMV matrices Tq = 7o(({F„}„>o) and 
To = To({F„}„>o) are defined by flETU]) and flETTD 

To = Ps,Mo\^o, % = P^Uol^o- 

As before the operators % and % are unitarily equivalent completely non-unitary contrac- 
tions and, moreover, the equalities (15. 9p . fl5.14p . and Proposition lS.ll hold true. Unhke Section 
Othe operators given by truncated block operator CMV matrices and 7^ obtaining from 
Uq and Uq by deleting first m + 1 rows and m + 1 columns are 

• co-shifts of the form 



T 

m 










/Dp. 










Sr. 

© © 
Dr. Dr* 



when Fm is isometry, 

the unilateral shifts of the form 



T = T 



■ 


































© 



© 
S)r 

1 r? 



when Fm is co-isometry. 

One can see that Proposition 15.11 remains true. 

Similarly to fl5.19p let us consider the conservative systems 

Co = {Uo; fm, % 9)o}, Co = {Wo; 2?t, % ^o}- 

One can check that the systems Co and Co are simple and unitarily equivalent. Moreover, 
relations fl5.20p and, therefore. Theorem 15.21 and Theorem 15.31 remain valid for a situations 
considered here. ^ 

In order to obtain precise forms of Uo and Uo one can consider the following cases: 

(1) F2Ar is isometric (co-isometric) for some A^, 

(2) F2Ar+i is isometric (co-isometric) for some A^, 
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(3) the operator r2Ar is unitary for some A^, 

(4) the operator r27v+i is unitary for some N. 
We shall give several examples. 

Example 6.1. The operator r4 is isometric. Define the state spaces 















^0 ■ = 


© 





© 


0S'r|0Dra0. 


•02)r|0 






















^0 


© 





© 


02)r20S)ra0. 


■02)r2 








S)r3 



Then the spaces 9Jl0i3o and 0^105^0 can be represented as follows 

9?t0i3o= © © © 02:)r20S)ra0..., 
®rj S)ri 2)r* 

■^0 '^2 '-4 

010^0= © © 0Sr*0S)n0...0Sra0---- 

Define the unitary operators 

Mo = ^3n0 Jr, Jra 0/^,, ■ ■ ■ : 2Jl0i3o - 3Jl0^o, 



Mo = /.t0 Jr. Jrs 0/^,. ^x,,. . . . : ^0i3o - ^0iDo, 
>Co = Jre Jr. JS ■ ■ ■ : 37t ^0 - ^ i3o. 

Then 





To 


n ^ ^ n i 1 
























^ro 


-rsri - 
























































Dv.Dr, - 




-r*r3 - 


















Wo = CoMo = 






























































































To 
























.. 










Dv" Dr* 

^1 '-2 
















.. 








-r*r2 


















.. 












Ta^r, 


-Far* 


Dr.r4 












.. 


= A4o>Co = 










^rs^^r. 


-^ra^ 


-r*r4 


J- 3 










.. 































.. 































.. 
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Example 6.2. The operator Fq is co-isometric. Then 



n=0 



rro 













































Example 6.3. The operator r2 is co-isometric. In this case 



i5o= ® 03)r,0Sr,0...0S)r,0. 

^0= 05)r.0S)r.0...0Sr.0. 
Sri 



To 



'XI 



[To 









^ro 


-rsri 
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Uq = MqCq 



To 



r ^0 


^ 





























-^r,r* 

































































Example 6.4. The operator Fi is isometric. In this case 



ro 



i5o = Srs Srt Sr^ . . . Sr^ . . . . 



To 



To DrsFi Dr. 

L>ro -r*ri -rs o 

I^^ 















'an 

















'ri 



fir) 

'ri 



To 



r ^0 





































































/s)p. 
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Example 6.5. The operator is isometric. 

Dro Sr. 

^0= ® e © e2)r5es)r*e...eDr*e..., 

S)p* D-p* 

©° eDr*e2)ries)r*e...e2)rte.... 



Wo = CqMo 



To 



'an 



To 













































-T2TI 




Dr* 


















-r*r3 


^ 2 




















































^ 3 






'01 



To 



Jl 



To 


^ 




















Ti/^ro 


















^r,/^ro 




-nr2 
























-Far; 


-^Sp* 


























-^Sp* 

^ 3 


























-^Sp* 






-^Sp* 



'Bp* 
^ 3 



Example 6.6. The operator is co-isometric. 

Sro 2)r, 

iDo= © e© esr4e5:)r5e---esr5e---, 

^ Drs Dr. Dri 

i3o= © 0© 0© 0DrB0Dr50---0Dr50 
Dra Dr5 
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Jro Jr, Jr4 I^r. /^r. • • • , 



-Mo = /an Jr, Jr3 ^^r, I^r, • 

-Mo = /^n Jri Jra ^Dr, ^^r. • • 



Example 6.7. The operator r2iv is unitairy. In this case 

AT-l ®r2n 

i3o = E © 

n=0 D 



2?n 



- 2n+l 



~ N-1 

i5o = E 

n=0 2) 



To 



Jr 



2(JV-1) 



r2n+l 



'at 



r2ivj L 
rJ 



-2Ar-lJ L 



ro 



■ 2(JV-1) 



2N. 



■ To Dr^Ti D 





















Dvo -r^ri - 





















T^Dr, - 



















iPr^/^ri - 




-r*r3 


-r*Dr* 





















-r^n DrtFs 


















-^r4r:3 - 


-r*r5 






















Dt, 






















/s,, 

























/®r5 























































-rt^r. 












































-r4r* 
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If = 1 is unitary) then we have 
r2Dr, -r2Ti 



To 







Example 6.8. The operator r2Ar+i is unitary. 
i3o = 2Dro, ^o = Sr5 if = 0, 



N-l 

E ® 

n=0 '^^ 



2n+l 

Dr. -n 











Dr. 



Im 
Ti 
Dr." 

r* 
n 



E ® 0®i 

■ To Dr. 



if AT > 1 



, if = 0, 



To 



Jr, 



'rs 



Jr, 



2JV+1. 



Jr, 



'rs 



If A^ = 1 (Fa is unitary) then 



To 


Drf. 


Dr^Dr^^ 


^ro 


-TIT, 


-T*Dr* 





T2DT, 


-T2TI 





Dr.Dr, 


-Dr.Tl 



^2N-l 






Dr*T, 



2N+1. 



Jro 



'ra 



'rajvJ 



, if AT > 1. 



To 

^r,I^ro 




-T,T* 






Dr*T2 
-TIT2 





Dr^Dr^^ 

-r^T* 



7. Unitary operators with cyclic subspaces, dilations, and block operator 

CMV matrices 

7.1. Caratheodory class functions associated with conservative systems. 

Definition 7.1. Let be a separable Hilbert space. The class C(OJl) ofL^^) -valued func- 
tions holomorphic on the unit disk D and having positive real part for aZZ A e D is called the 
Caratheodory class. 



Consider a conservative systems r 
coincide. Put 



D Cl 

^ ; \ whose input and output spaces 
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'D 


C 






B 


A 


: © - 





and let the function -FV(-2) be defined as follows 
(7.1) F.(A) = P9n(f/. + A/7,)(f/.-A/«)-H9?t, Ag 

where 

is unitary operator in Ti associated with the system r. The function -Ft(^) is holomorphic 
in D and 

F.(A) + F;(A) = 2(1 - \X\^)PmiU: - XlnViP, - XlnY^m. 
It follows that Fr{X) + F*{X) > for all AG©. 

The function -FV(A) defined by (17.11) belongs to the Caratheodory class C(07l) and, in 
addition, -FV(O) = I<xa- We also shall consider the function 

Fr{X) := f;(A) = Pm{In + XUr){In - Af/.)-^ 
The functions Fj. and F^ we will call the Caratheodory functions associated with conservative 
system r = I ^ ^ ■,m,dn,S)}. 

Proposition 7.2. Lei 



D C' 
B A 



6e a conservative system. Then the transfer function Or(A) and the Caratheodory function 
Fr{X) are connected by the following relations 



(F.(A)-/an)(F.(A) + /9n) 



(7.2) - ^ 

Fr{X) = (/OT + Ae;(A))(/3„- Ae;(A))-i, a gd. 

Proof. We use the well known Schur-Frobenius formula for the inverse of block operators. 
Let $ be a bounded linear operator given by the block operator matrix 

»o t ^ t ■ 

Suppose that G L{S^) and (X - YW~^Z)-^ G L(9Jl). Then G L(9H © i), 971 © ^) 
and 

~ \-W-^ZK-^ W-^ + W-^ZK-^YW-^) ' 
where K = X — YW^^Z. Applying this formula for 

7ot - XD -AC 
-XB - XA 

we get K = Im-XD- X^C{I^ - XA)-^B = Im- Ae,(A). Therefore 
Pm{In - y^UrV \m={Im- Ae,(A))-\ AG©. 

Hence 

Pmiln - f an = (Jot - XQl{X))-\ AG©. 



Af/, 



A G 
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Since Ur is unitary, from fl7.ip we get 

Fr{X) = Pm{In + XU:){In - XU:r'\m = 

= -Im + 2P<^{In - XU:)-' \m=-Im + 2{Im - Ae;(A))-i = 

= (/an + XQlCXWm - Ae;(A))-i, A G D. 

□ 



The following theorem is well known (see [29]). 

Theorem 7.3. Let Tl be a separable Hilbert space and let F{X) G C(97l). Then 

(1) F{X) admits the integral representation 

F{X) = l{F{0)-F*{0)) + I '^^dm, 



where S(t) is a non- decreasing and nonnegative Li{dJl) -valued function on [0,27r]; 

(2) under the condition F{0) = Isxn there exists a Hilbert space H containing as a 
subspace, and a unitary operator U inTi such that 

F{X) = Pm{U + XIn){U - XIn)-'\m; 

moreover, the pair {Ti, U} can be chosen minimal in the sense 

span{f/"!m, neZ}=n. 

Proposition 7.4. [41j. The conservative system 

is simple if and only if 

span{f/;mt, neZ}=n. 

Proof. Let r be a simple conservative system. Suppose h ElH. and h is orthogonal to t/"OJt 
for all G Z. Then the vectors f/*"/z. are orthogonal to OJt in 7i for all n G Z. It follows that 
h E and 

, . Ch = CAh = CA^h = ...= CA"h = . . . = 0, 

^ B*h = B*A*h = B*A*^h = ... B*A*''h = . . . = 0. 

Hence h G (n„>o ker(CA")) n (n„>o ker(S*A*")) . Since r is simple we get = 0, i.e., 

span{f/;mt, neZ\=n. 

Conversely, let span {f/"9Jl, n E 2,} = Ti. Suppose thar relations (17. 3p hold for some h E Sj. 
Then h _L ^/"OJl for all n E Z. Hence h = and r is simple. □ 



D C 
B A 
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7.2. Unitary operators with cyclic subspaces. Let t/ be a unitary operator in a sepa- 
rable Hilbert space R and let 971 be a subspace of ^. Put 9) = 971. Then U takes the 
block operator matrix form 



U 



'D 


C 


971 


m 


B 


A 


: © - 





Since U is unitary, the system 



D C 
B A 



971, 971, fi 



is conservative. By Proposition 17.41 the system r] is simple if and only if 

(7.4) span{f/"97l, n G Z} = j^. 

A subspace 971 of is called cyclic for U if the condition (17.41) is satisfied. 
Define the Caratheodory function 

i^OT(A) = Pm{U + \Ih){U - \lH)-^\m, A G D 

and a Schur function 



,-1 



A G 



According to Proposition 17.21 the transfer function 0(A) of the system rj and the function 
E<x!i{\) are connected by the relation 

0(A) = E*^{\), A G D. 

Theorem 7.5. Let U be a unitary operator in a separable Hilbert space and let DJl be a 

cyclic subspace for U. Then U is unitarily equivalent to the block operator CMV matrices 
h(o{{Tn}n>o) and Uo{{Tn}n>o) in the Hilbert spaces TC = 971 © ioo({rn}n>o) <ind H = VJlQ) 
^o{{^n}n>o) , respectively, where {r„}„>o are the Schur parameters of the function 

0(A) = \{F;nW - /sat)(F^(A) + Im)-'- 

Proof. Because 971 is a cyclic subspace for U, the conservative system rj is simple. By Theorem 
15.31 the system rj is unitarily equivalent to the systems Co and Co given by (I5.19p . From (13.51) 
it follows that U is unitarily equivalent to Uo{{Tn}n>o) and Uo{{Tn}n>o)- D 

Suppose that the cyclic subspace 971 for unitary operator f/ in ^ is one-dimensional. Let 
(f G 971, \\ip\\ = 1, and let = {£{Qip,ip)ji, where ( E T, is the resolution of the 

identity for U. Then the scalar Caratheodory function F{X) is of the form 

C + A 



F(A) 



{{U + XIn){U - XInr'v, v)si= I MO , A G 



Thus, the function F{X) is associated with the probability measure fi on T. The Schur 
function associated with /i ^60j is the function 



. X 1 ^(A) 



XF{X) + r 



X G 
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By Geronimus theorem [44j the Schur parameters of the function E{X) coincide with Verblun- 

sky coefficient {an}n>o of the measure fj, (see [HD])- Let 6(A) := E(\), A G D and let 
{7n}n>o be the Schur parameters of B. Then a„ = 7^ for all n and the CMV matrices 
Uq = Wo({7n}n>o) and Uq = Wo({7n}n>o) coincide with the CMV matrices C and C given by 
( II. 2p and fll.3p . correspondingly. Observe that dim.^ = m the function E{X) is the 

Blaschke product of the form 

7.3. Unitary dilations of a contraction. Let T be a contraction acting in a Hilbert space 
H. The unitary operator f/ in a Hilbert space 7i containing if as a subspace is called the 
unitary dilation of T if T" = PhU"" for all n G N [53] . Two unitary dilations U inTi. and U' 
in H' of T are called isomorphic if there exists a unitary operator W G L(7Y,7i') such that 

W\H = Ih and W = f/'VT. 

It is established in [64J that for every contraction T in the Hilbert space H there exists a 
unitary dilation t/ in a space H such that f/ is is minimal [M], i.e., 



spin{f/"i7, neZ} = n. 

Moreover, two minimal unitary dilations of T are isomorphic [MJ. The minimal unitary 
dilation by means of the infinite matrix form is constructed in ^64j on the base of Schaffer 
paper [55]. Below we show that the minimal unitary dilations can be given by the operator 
CMV matrices. 

Theorem 7.6. Let T be a contraction in a Hilbert space H. Define the Hilbert spaces 



(7.5) 



and the Hilbert spaces Ho = H ® S^o, and Hq = H ® S)q. Let 





2)t 






^0 = 


© 


© 





















^0 = 


© 


© 









St 






and Ho = 


--HQ 





/d,. 



Define operators 

.7g^ -Mo = ///0Jo0Jo0---:2^o^7io, 

^ ■ ^ >Co = Jt0Jo0Jo0---:Ho^Ho, 

and 

(7.7) Uq = CqMq : Ho Ho, Uo = MoCo : Ho Ho- 

Then {Ho,l^o} ond {Ho,l^o} O'l"^ unitarily equivalent minimal unitary dilations of the operator 
T. 
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Proof. Define the L(if)-valued function 

F(A) = {Ih + XT){Ih - XT)-\ XeB. 
Tfien tlie function F belongs to tlie Caratlieodory class C{H) and 

e(A) =T= i(F(A) - Ih){F{X) + Ih)-\ A G ©, 

belongs to the Schur class S{H,H). The Schur parameters of 9 is the sequence 

To = T, r„ = G S(S)t, ^t'), neN. 

Let Sjo and Sjq be defined by (17.51) . Hq = H ® i3o; '^o = H ® S^q. Then the operators Uq and 
IAq defined by (17. 7p are the block operator CMV matrices constructed by means of the Schur 
parameters of 9. Let = {'^o, 2Jl, 971, i^o} and = {Wq, 971, OJl, i^io} be the corresponding 
conservative systems. By Theorem 15.31 the systems Co and Co are simple, unitary equivalent, 
and their transfer functions are equal 9. By Proposition 17.21 we have 



{Ih + XT){Ih-XT)-^ 
= PH{Ino + XUo){Ino- 



= F{X) : 

XUn)-'\ 



= {Ih + XQ{X)){Ih - XQ{X)) 
H. 



-1 



Hence 

T^ = PhK\H, n = 0,l,.... 
Therefore Uq is a unitary dilation of T in Tip- By Proposition 17.41 this dilation is minimal. 



Similarly the operator Uq is a minimal unitary dilation of T in Tio. 



□ 



Taking into account (17. 6p . (15. 6p . and (15. 7p we obtain the following operator matrix forms 
for minimal unitary dilations Uq and Uq: 



"T 





Dt* 














. . ." 


Dt 



















... 






















... 






















... 

















/ 




... 






















... 























/x,^. ... 


"T 


Dt* 

















..." 






















... 


Dt 



















... 






















... 






















... 























/dt* ... 






















... 
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7.4. The Naimark dilation. Let 971 be a separable Hilbert space. Denote by !B(T) the a- 
algebra of Borelian subsets of the unit circle T = {^gC:|.^| = 1}. Let /i be a L(9Jl)-valued 
Borel measure on ^(T), i.e., 

(a) for any 5 G 03 (T) the operator is nonnegative, 

(b) ^(0) = 0, 

(c) /i is cr-additive with respect to the strong operator convergence. 
Denote by M(T, 9Jl) the set of all L(£DT)-valued Borel measures. 

Definition 7.7. [33], [20], [H]. Let fi G M{T,Wl) be a prohahility measure ( ^i{T) = Im) 
and let the operators {Sn}n& be the sequence of Fourier coefficients of fi, i.e., 



Sn = j ry{do, nez. 



A Naimark dilation of ^ is a pair {H,U}, where H is a separable Hilbert space containing 
^)Jl as a subspace, lA is unitary operator in H such that 

Sn = PgrnW^tmt, neZ. 

A Naimark dilation is called minimal if 

spari{W"aJl, neZ} = n. 

Proposition 7.8. [33], [20], IS]- Let {Hi.Ui} (^-f^d {H2M2} be two minimal Naimark 
dilations of a probability measure fi G M(T, 071). Then there exists a unitary operator W G 
L(7ii,7i2) such that 

WUi = U2W and W\m = Im- 

The minimal Naimark dilation is constructed by T. Const ant inescu in [33] by means 
of the infinite in both sides block operator matrix whose entries depend on some choice 
sequence. Here we construct the minimal Naimark dilations in the form of block operator 
CMV matrices. 

Theorem 7.9. Let dJt be a separable Hilbert space and let fi G M(T, DJl) be a probability 
measure. Define the functions 

F{X) = J I^M^O, agd, 

T 

E{\) = J (F(A) - Im){F{X) + I^y\ 

Then E{\) belongs to the Schur class S(97T, OJt). Let {G„}„>o be the Schur parameters of E. 
Construct the Hilbert spaces 

and the Hilbert spaces 

Ho = m®Sjo, Ho = m®^o. 

Let 

= iAo{{Gn}n>o), = Wo({G^n}n.>o) 

be the block operator CMV matrices constructing by means 0/ Then the pairs {Ho,Uo} 
and {T-Cq,Uq} are unitarily equivalent minimal Naimark dilations of the measure /i. 



42 



YURY ARLINSKli 



Proof. The function F{X) has the Taylor expansion 

oo „ oo 

F{X) = + 2 ^ A" / rXc^O =Im + 2j2 ^"-^n- 

n=l rjj, n=l 

Then 

oo 

F*(A)=/an + 2^A"^_„. 

n=l 

Because F(A) + F*(A) > for A G D, the L(9Jl)-valued function E(X) belongs to the Schur 
class S(9Jl, 971). Construct the Hilbert spaces i^o = ^o{{Gn}n>o): T^o = 93T © and let 
Uq = Uo{{Gn}n>o) = (p(o{{Gn}n>o)y be the block operator CMV matrix. Then Uq is unitary- 
operator in the Hilbert space Hq. The system (q = {Wq; 071, OK, i^o} is a conservative and 
simple, and its transfer function is equal to E{X) (see Subsection 15. 3^ (15.191) . Theorem 15. 3p . 
Hence the transfer of the adjoint system = {Uq] OJl, 071, S^q} is equal to 0(A) = -E'*(A). By 
definition of F{X) and E{X), and by Proposition 17. 2[ and (17. 2p we have 

F(A) = (/ot + ae(a))(Jot- AE(A))"i = + xe*Cx)){i^- xe*ix))-^ = 

= Pan(Wo* + A/ho)(Wo* - A/„J-n07l. 

Hence 

oo 

F(A) = /5n+2E A"Pa«Won07t, 



n=l 

oo 



F*{X) = /ot + 2 E A"P3„Wo-"r07t. 

n=l 

Thus, the pair {HoyVlo} is the minimal Naimark dilation of the measure /i. The same is true 
for the pair {Ho,Uo}. □ 

8. The block operator CMV matrix models for completely non-unitary 

CONTRACTIONS 

Theorem 8.1. Let T be a completely non-unitary contraction in a separable Hilbert space 
H. Let 

$y(A) = (-T + XDt* {Ih - XT*)-^Dt) \ Dt 

be the Sz.-Nagy-Foias characteristic function ofT [6l]. //{r„}„>o are the Schur parameters 
o/$r(A), then the operator T is unitarily equivalent to the truncated block operator CMV 
matrices 7^({r;}„>o) and fo{{T*Jn>o)- 

Proof. Consider the simple conservative system 



r] 



Dt* T 

The transfer function of rj is given by 

e^(A) = (-T* + XDt{Ih - XT)-^Dt*) rS)T*, A G D. 

Since 

$y(A) = (-T + XDt*{Ih - XT*)-^Dt) \Dt, A G D, 
we get $r(A) = Q^iX), A G D. Hence, if {r„}„>o are the Schur parameters of $t(A), then 
{r* }„>o are the Schur parameters of 0r,(A). Construct the Hilbert spaces = ■^o({r* }„>o). 



BLOCK OPERATOR CMV MATRICES 



43 



^0 = -^o({r*}n>o), the block operator CMV matrices Uq = Wo({r;}„>o), Uq = Wo({r;}„>o), 
truncated block CMV matrices Tq = 7o({r*}„>o) and % = 7J)({r* }„>o). Consider the 
corresponding conservative systems 

Co = {Wo;S)t*,2)t,-5o}, Co = {Wo;Sr.,DT,^o}. 

By Theorem 15.31 the systems Co and Co are simple conservative realizations of the function 
6. It follows that the operator T is unitarily equivalent to the operators 7^({r,*}„>o) and 

^o({r:}„>o). " □ 

Observe that To{{ri}n>o) = (%{{rn}n>o)^ and fo{{ri}n>o) = (^({r„}n>o))*- 
The results of Sz.-Nagy-Foias [611 Theorem VI. 3.1] states that if the function 6 G S(3Jt, DT) 
is purely contractive (||0(O)/|| < ||/|| for all / G 971 \ {0}) then there exists a completely 
non- unitary contraction T whose characteristic function coincides with B. Here we give 
another proof of this result. 

Theorem 8.2. Let the function 6(A) G S(97l, 9^) be purely contractive. // {r„}„>o are 
the Schur parameters of Q{X) then the characteristic functions of completely non-unitary 
contractions given by truncated block operator CMV matrices 7o({r*}„>o) and 7o({r*}„>o) 
coincide with 6. 

Proof. Let 0(A) := 6*(A). Then {r*}„>o are the Schur parameters of 9. Construct the 
Hilbert spaces S^o = •^o({rn}n>o)5 -^lo = ^o{{^n}n>o), the block operator CMV matrices 
Up = Wo({r;}„>o), Uq = Wo({r:}„>o), truncated block CMV matrices % = ro({r;}„>o), 
Tq = 7J)({r*}„>o), and consider the corresponding conservative systems 

Co = {Wo; 071, % fio} , Co = {Wo; OJt, % ^o} • 

Then the transfer functions of Co and Co are equal to 0(A). Since the operator 








971 




Go 


.^0 


^0. 


: © - 

^0 


iOo 



is a contraction, there exist contractions (see [I9], [38], [59]) /C G L(S}7-o,9^), M. G L(07l, ^o); 
X G L(D^,Dk:*) such that 

Go = ICDr„ Tq = Vt^^M, T*, = -ICT*M + D,c*XDm. 

Because Uq is unitary, the operators IC, A4* are isometrics and X is unitary (see [8], [9]). The 
characteristic function of Tq and the transfer function of the system Co are connected by the 
relation (see [TO]. [9]) 

Because the operator Dm is the orthogonal projection in 971 onto ker A^, and 

Q{X)\keTM = X, 

we have for / G ker Ai 

\\nf\\ = \mo)f\\ = \\xf\\ = \\f\\. 
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Since Fq is a pure contraction, we obtain kei A4 = {0}. Similarly ker/C* = {0}, i.e., /C and 
M are unitary operators, and 0(A) = ]C^r*WM, A G D. Thus the characteristic function 
$ro of % coincides with 9. Similarly, the characteristic function of Tq coincides with 

e. ° □ 

Remark 8.3. For completely non-unitary contractions with one-dimensional defect operators 
and for a scalar Schur class functions Theorem 18.11 and Theorem 18.21 have been established 
in [12]. 
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